International

Journal
Of Advanced Research in Engineering & Management (IJAREM)

FUZZY ALGEBRA AND FUZZY VECTOR SPACE

S.SABIHA & M.Z.ALAM™
Research scholar, Dept. of Mathematics, L.N.M.U, (Darbhanga)

Abstract— In this paper, we have studied fuzzy algebra and fuzzy vector space. We examine the property
of fuzzy algebra as defined by KANDEL,A and BAYATT,W.J [1]. The notion of fuzzy vector space was
introduced by KATSARAS,AK and LIUD.B [2]. Using the definition of fuzzy vector space, we
established a few results, when an element is added to fuzzy vector space and continuing this we define
fuzzy subspace and also established the facts that the sum of two subspaces is also a subspace; this is also
true in the case of scalar multiplication.
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1. INTRODUCTION :
The concepts of fuzzy set was introduced by Zadeh [6],and the notion of fuzzy vector space was defined and
established by KATSARAS,A.K and LIU,D.B [2]. Using the definition of fuzzy vector space and fuzzy subspace
as defined by KATSARAS,A.K and LIU,D.B. We have established some results in the theorem 3.4 and theorem
4.1, respectively.

2. BASIC DEFINITION AND PROPERTIES

FUZZY ALGEBRA
A fuzzy algebra is defined to be the system Z = (Z,+,*,-), where Z has at least two distinct elements and for all
X, Y, Z € Z, system Z satisfies the following set of axioms.

(i) Idempotency : X+X=X, X*X=X

(i) Commutativity : X+y=y+X, X*y=y=*X

(iii) Associativity: (X+y)+z=x+(y+2), X*y)*xz=X*(y*2)

(iv) Absorption : X+(X*y)=X, X*(X+y)=X

(v) Distributivity : X+ (y*2)=(X+Yy) * (X+2), X* (Y +2)=(X*Yy) +( X * 2)

(vi) Complement : If x € Z, then there is a unique complement x of x, such that x € Z, and x € x
(vii) Identities : Je, ,suchthat x +e, = e, +x=x, forall x

Also, there exist e,, suchthat e, *x= x *xe,=x, forall x
(vill) De-Morganlaw: x+y=x*y, X *y=x+y

This system forms a distributive lattice with existence of unique identities under the operation ‘+’ and ‘*’ . But
it is not Boolean algebra because the law of Boolean algebra

x +x =1, for all xand 3 x, such that x = x = 0, are not true in fuzzy algebra. Hence every Boolean algebra is a
fuzzy algebra but not vice-versa.

DEPT.OF MATHEMATICS,MILLAT COLLEGE,DARBHANGA-846004
________________________________________________________________________________________________________________________________|
| Vol. 01 | Issue 01 | April 2015 | 73 |



International

Journal
Of Advanced Research in Engineering & Management (IJAREM)

(

Obviously, the class of fuzzy sets on any universe forms a fuzzy algebra with respect to union, intersection, and
complement as defined by Zadeh,L.A [6]. The identity elements being the fuzzy null set @ and the whole set X.

Another fuzzy algebra is defined by the system Z = ( [0,1],+, *,- ), where +, x and ‘- ¢ are interpreted as max,
min, and complement, (x =1-Xx, V x € [0,1] ), respectively.

3. FUZZY VECTOR SPACE
Let X be a vector space over K, where K is the space of real or complex numbers, then the vector
space X equipped with addition ‘+’ and scalar multiplication (.) defined over the fuzzy sets on X as below is
called the fuzzy vector space.

Addition (+) : Let Aq,.......... A, be fuzzy sets on vector space X, let f: X" - X, such that
F (X Xy ) = Xy Ao, + X, , we define
A+...... +A = (X X, ) by extension principle

Hi.. Aq)(y):SlXlemi {yAi(xi), ........ ’IUA](XH)}

n
Y= (X snnnnXy)

Obviously, when sets A;,......... A,, are ordinary sets, gradation functions used in the sum are taken as
characteristic function of the set.

Scalar multiplication (.) : If ais a scalar and B be a fuzzy set in X and g : X — X, such that g(x) = a x, then
using extension principle we define a B = g(B)

Where, 12, 5 (y) = sup {yB(x)}, ify=ax

X
y=g(x)=ax

,ug(B)(y):O, ify = ax forany x
s (V) =5Up 15 (X), yeX

y=ax

,uaB(y)ZO,if y # ax, forany x

THEOREM 3.1 : If E is a vector space over a field K, g is a mapping from E to E such that g(x) = a x, and B be
a fuzzy set in X, then

(@) Forany scalar a0, f4,5(Y)= g (i yj, forally e E
a

And for a =0, ,uaB(y):O, ify =0
yaB(y)=Sup,uB(X),ify=0
(b) For all scalar aand forall y € E, ﬂaB(Y)ZﬂB(y)

________________________________________________________________________________________________________________________________|
| Vol. 01 | Issue 01 | April 2015 | 74 |



International

Journal
Of Advanced Research in Engineering & Management (IJAREM)

(

- 1
Proof : (a) Let a = 0, by definition, £ g (y) = sup {yB (X)} = Uy (— yj, forally € E
X (24

y=g(x)=ax

Ifa=0,andy # 0, then g_l(y) = @ therefore 14 g (y) =0, by extension principle
If a=0, and y =0, then g’l(y);tgé, as 0 =0 x for all x

Sty (y) =sup {,uB (X)} , holds for all x

y=0x

g (Y)=5Up g (X)), if (y =0) and a=0

(b) For all scalar a, ,uaB(y)zsup{,uB(X)},xeE,yeE

y=ax

oM (ax) = Suxp{,uB (X)} VXEE

ax=ax

g (aX) > g (ax), forallax € E

ie 1,5 (Y)> 5 (y). forally € E, [take ax=y]

THEOREM 3.2 : If E and F are vector spaces over K, fis a linear mapping from E to F and A, B are fuzzy sets
on E

(i) f(A+B)="f(A)+f(B)
(ii) f(aA):af (A),for all scalars a
ie f(aA+pB)=af (A)+Af (B),where a, B are scalars

Proof (i) : Let M ={ f (X): X € E},let a= 1, .5 (V) and b= g, 5,5 (V)

1*.Case : Let y ¢ M, then obviously from the extension principle and the above definition of sum of fuzzy
sets

a:yf(A+B)(y):O,since ffl(y)=¢, let y,+Y, =Y, where Y,,Y, € F, then at least one of Yy,,Y,,

is not in M, otherwise Y, +Y, € M
S Mgy (y,)=0,or Hi (o) (y,)=0

Now b = He () t(8) (Y) ZSUE)rynin{,Uf(A) (yl)nuf(B) (y2)} =0
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sa=bie ;Llf(A+B) (Y) :ﬂf(A)+f(B) (y)

2MCase:If yeM,a= ;5 (Y)=5Up 5 (X), X< E

y="f(x)

.. for e > 0, there exists x € E, such that ,uA+B(X)>a—5,and f(X)z y
ie min{,uA(Xl),,uB(Xz)}>a—8,forsome X, X, with X, +X, =X, and f(x +X,)="f(x)=y

ie f(x)+f(x)=y, Now,b=yf(A)+f(B)(y)=supmin{,uf(A)(yl),yf(B)(yz)}

Yi.Y2

C ) (f(%))= s, (%) Bute isarbitrary, therefore we get b > a

Again given € > 0 there exists y,, Y, € F ,suchthat y, +Yy, =Yy

And min{yf(A)(yl),yf(B)(yz)} >b—¢,[wetakee < b]

X
Yi=1(x) Y2=1(x2)

ie min{sup 1, (%), sup yB(XZ)}>bg,there exists X, X, € E, such that f (X ) =y, .and

f(X)=Y,.and min{s, (%), us(%,)}>b-¢

s.a>b—g, bute, isarbitrary, therefore a>b, hencea=b
Proof (ii) : Let M z{f (x):xe E} , let C=yaf(A)(y),and d :,uf(aA)(y)

If y¢ M, then f_l(y)=¢,and uf(aA)(y)ZSUpﬂaA(X)=0'if f_l(y):¢

y=f(x)

~.d =0, Now Czyaf(A)(y), yeF

mC:ﬂf(A)(%j,(aiO)
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c=sup u,(X).but f7(y)=¢, thereforec=0, [as f ' (y/a) = #1, where & #0

Y/=1(x)
Hence,c=d =0

Again suppose Y € M ,and @ #0

o=t ()=t 2 )0)= 50 s (0)

(24

=c= sup u,,(ax), iec=supzu,,(z)=d

y=t(ax) 1(e)

If a=0,and y=0, C:,uaf(A)(y):Qand d zsup,uaA(X):O,[as X#0,wheny =0]

y=f(x)
s.c=d

Ifa:Oandy:O,.‘.C=yaf(A)(y)=Sup,uf(A)(z),ze F

= C=supu,(X),xeE,and d=sup z,,(x), herey=0
xeE 0="f(x)

=d = p,,(0) =sup u, (x),therefore,c =d

xeE

THEOREM 3.3 : If Aand B are fuzz sets in a vector space E over a field K, then for all scalars a

a(A+ B):aAJraB

Proof : Let f :E — E, such that, f (X) = a X ,obviously f is linear mapping from E to E, let A,B be any

fuzzy sets in E, then

aA=f (A) ,andaB = f (B) , by the definition of scalar product

SLaA+aB=f (A)+ f (B) =f (A+ B) = a(A+ B) Since f is linear mapping ,and A + B , is fuzzy set
in E.

DEFINITION 3.3 : If A is a fuzzy set in a vector space E, and x € X we definex + A, as X+ A= {X} +A

THEOREM 3.4 : If f :E — E (vector space) such that f, (y) = X+ Y then B is a fuzzy set in E and A is

an ordinary subset of E, the following hold
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(i) x+B="f(B)

(i) s (2)=pp(2-X)
(i)  A+B=uU(x+B)

xeA

PROOF : (1) We have , 41, () =supmin {,u{x} (%), 25 (% )}
X1 Xp

Higs (2) =supmin {1, (%)}

Z=X+X,

Mg (Z) = Sl:p Hg (Xz)
Z=fx2(X2)

M .B (2)= H (8) (2)

since, f, : E — E ,and B is a fuzzy set in E, therefore X+B = f,(B)

W) a,5(2)=py5(2)= syp)uB(y)=:SUDA@(y),r:fx(y)=>«+y]
z="f,(y 7=X+Yy
C b (2) = g (2 %)
(iif) :uA+B(Z)zsupmin{:uA(Xl)’:uB(XZ)}

2=X1+X2

Hpp (Z) =supmin s (Xz)
X2 %o
7=X1+X)

:uA+B (Z) =SUp,UB (Z _Xi) =Sup/'lx+B (Z)

X €A XeA
L A+B=U(x+B)

XxeA

4.FUZZY SUBSPACE

DEFINITION 4.1 : A fuzzy set F in a vector space E is called fuzzy subspace of E if

(i) F+FcF
(ii) aF c F, for every scalar a

THEOREM 4.1 : If A, B are fuzzy subspaces of E and K is a scalar. Then A + B and K A are fuzzy subspaces.

Proof : Since A and B are fuzzy subspaces of E

A+Ac A ,and B+B < B, now forall X, X,,X;, X, in E, we have

P (X + %, ) 2 M 20, (%) 4 (X )} s (i)
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f (X5 %, ) 2 M0 { 115 (X3, 215 (X )} o (ii)

Now we have , 1, (Z) =supmin {,uA(Xl),,uB (XS)}

7=X +X3

e, fae (X% %) Zmin{, (%), 4 (%))
and 41,5 (% +%,) 2 min {2, (%,), 15 (,)}
We have to show that, A+ B+ A+ Bc A+B
Hpes (X 4% 4%+ %) = g (% 4% ) + (X +%,)}
Fines 106+ %)+ (X X )| 2 Min {2, (X + %), 425 (X +%, )|
> min {min (s, (%), 4 (%,)), min( g (%) 4 (%,))}

- min{min(yA(&),ﬂA(Xz)'/‘B (%) 445 (X“))}

- Hass (Xl TH X+ X4) 2 min{(ﬂA()ﬁ)'ﬂB (Xs)’ﬂA(Xz)uUB (X4))}
S A+B+A+Bc A+B
Again k(A+ B) =kA+kB [~ KA=AKB=B as A B are subspaces

=A+BcA+B

Again KA, is also a fuzzy subspace if A ,is fuzzy subspace.For

(i) KA+kA=A+Ac A=KkA
(ii) For any scalar ‘m’ m(kA) =mAc A=KA,

.". KA is a fuzzy subspace.
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