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Abstract: In this paper we have established fixed point theorem in 2-metric space which generalizes many
previous results.
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1. Introduction:
After the introduction of concept of 2-metric space by Gahler [3] many authors [1] [2] [3] etc. establishes an
analogue of Banach. Contraction principle in 2-metric space. First Kannan [6] and later on Jaggi and Das [5]
established the fixed point theorem for non-continuous maps in metric space.
In this paper we have extended this idea to 2-metric space in more general form by increasing the number of
terms in R.H.S.

2. Preliminaries:
Now we give some basic definitions and well known results that are needed in the sequel.

Definition (2.1): [3] let X be an non empty set and d: XxXxX—R..
If for all x, y, zand u in X, we have

(dy) d(x,y,z) = 0 if at least two of X, y, z are equal.

(d,) for all x#£y there exist a point z in X st. d(x,y,z)#0.

(d3) d(x,y,2) = d(x,2,y) = d(¥,Z,X) = +eeevererinanannnnnn. and so on.
(ds) d(x,y,z) <d(x,y,u) + d(x,u,z) + d(u,y,z)

Then d is called a 2-metric on X and the pair (X,d) is called a 2-metric space.

Definition (2.2): A sequence {x,},cy in a 2-metric space (X,d) is said to be a Cauchy sequence if
limd(x,,x,,a)=0 foralla € X.

n—oo
m—oo

Definition (2.3): A sequence {x,},ey in a 2-metric space (X,d) is said to be a convergent if
limd(x,,x,a)=0forall a € X. The point x is called the limit of the sequence.

N—oo
Definition (2.4): A 2-metric space (X,d) is said to be complete if every Cauchy sequence is X in convergent.

3. Main Result:
Theorem 3.1: Let (X,d) be a complete 2-metric space and Let T:X—X satisfying.

-y d(x,Tx,a)[1+d(y,Ty,a)] N d(x,Tx,a)[ 1+ d(x,T x,3]

d(Tx,Ty,a) < p
1+d(Tx,Ty,a) 1+d(x,y,a)
. d(y,Ty,a)[1+d(x,Tx,a)]
14 Trd(xy.a) +0d(X,Y,2)ccceennen. (3.1.1)

forall X,y,ae€ X and d(Tx,Ty,a)#0, d(x,y,a)#0. Also a,f,7,0 > 0 and a+B+y+5<I. Then T has a unique fixed
point.
Proof: Let for any arbitrary point X, € X{ X, } be a Cauchy sequence defined as:

Xg, X1 = TXg i X2 = TXq, covenrnnen. v Xn = TXnety Xnt1 = TXpy cvveeeeeeninnnn,
Then,
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dx;,x,@) = d(Txg,TX1,a)

<ad(%,Tx,a)[1+d(x.Tx,2)] | Ad(%,T%,a)[1+d(%,T%,a)]

[1+d(Tx,,Tx;,a)]

L a0 Tx a)[1+d(%,T%,a)]

[1+d(x%,%.a)]

_ ad(X,X,a)[1+d(x,,X,,a)] +

[1+d(x,,x,,a)]

[1+d(X,,X%,a)]

+0d(%,,X,a)

+,Bd(x0,xl,a)[1+d(x0,xl,a)] n yd (%, %,a)[1+d(X%,%,a)]

[1+d(x.X,,a)]
+0d(%,,%;,a).

[1+d(%.x,a)]

- ad( Xy, X,a)+ pd( Xy, x;,a) +yd( X, X,,a) +d( Xy, X,a)

(1-y)d(x. % a)<(a+f+56)d(X),x,a)
o, d(xl,x2,a)g(a+ﬂ+5)d(x0,x1,a)

Again, d(X,,X;,a) =d(Tx,,TX,,a)

<a

d(x,T x,,a[1+d(x,,T x,,a)]

[1+d(T x,,T x,,8)]
d(x, T x,,a[1+d(x,,Tx;,a)]

+f

[1+d(x,,x,,a)]

d(x,, T X,,a)[1+d(x,,T x,,a)]

[1+d(x;,X,,a)]

d( X, %, a)[1+d(X,,X;,a)]

+0d(X;,X,,a)

d( X, %, a)[1+d(x,,X,,a)]

[1+d(x,,X,,8)]
d(x,,%;,a)[1+d(x,,x,,a)]

[1+d(x,,x,,a)]
or(1-y)d(x,,%;,a)<(a+B+5)d(X,X,a)

ord(xz,xg,a)SWd(xl,xz,a)

s(a;€:5) d(x,,x,,a)

Similarly we have,

d(xn,xm,a)s[

a+f+0

1-y
Now we claim that d(Xq,X;,X,)=0 for n=0,1,2, ... ........

= sz(X0 ,X; ,@), where K=

+0d(X;,X,,a)

(3.2.3)

[1+d(x,,x,,a)]

(3.2.2)

We aobserve that this is true for n=0 and n=1. Suppose that it is true for 2<un<in. Using triangle in equality we

have
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0 <d( X, Xy, X1 ) < A(Xg, X, X )+ A (%, X Xipq )+ A (X %0 X011 )
<K [A(% X % )+ d(% %% )]
=0
Since [d(X,, %11 %0, ) SK"A(X5,X,, X, ) it is follows from (2.2.3) that d(xq,X+1,%+p)=0 for all non-
negative integers mand n.
We now show that { X, }n € N is a Cauchy sequence. For arbitrarya € X, we have,

d(xn'xn+p’a)Sd(Xn' n+1? n+p)+d(x n+1'a)+d(xn+1' n+2’Xn+p)
FA(X ) X0 @) e
+d(Xn+p 27 n+p -1 n+p)+d(xn+p 19 n+p’a)

= K K" e +k™P 1 d(%,,%,,a)

kn
=(1_kjdamxpa)

—0asn — o0 since K<1.

This shows that {xn}n € N is a Cauchy sequence. Since X is complete. Therefore there exists a point u in X
s.t.

lim X, =u Now we shall prove that Tu = u

d(u,Tu,a)<d(u,Tu,x,)+d(u,x,,a)+d(x,,Tu,a)
=d(u,Tu,x,)+d(u,x,,a)+d(T x, ,,Tu,a)
d(x, ;. T X, ;,a)[1+d(u,Tu,a)]
1+d(T x,,,Tu,a)
+ﬂd( nn T X, @)[1+d(X T X, 4,8)]
1+d(x,. 1,u a)
+?/d(u Ju,a)[1+d(x,,,T X, ,,a)] +8d(%_u.a)
1+d(x,,,u,a)
=d(u,Tu,x,)+d(u,x,,a)+
ad(x, ;,X,,a)[1+d(u,Tu,a)] ﬂd(xn LXna)[l+d(x, ,,X,,a)]
1+d(x,,Tu,a) 1+d(x,,,Tu,a)
ydu,Tu,a)[1+d(x, ,,X,.a)]
1+d(x,,,u,a)

<d(u,Tu,x,)+d(u,x,,,a)+a

+od(x, ;,u,a)

When N — oo, we have
d(u,Tu,a)<yd(u,Tu,a)
or(1—y)d(u,Tu,a)<0,which implies that of d(u,Tu,a)=0i.e. Tu=u.
Now we shall show that u is a unique fixed point of T. If not, possible let V # U be another fixed point such that
Tv=v
d(u,v,a)=d(Tu,Tv,a)
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< d(u,Tu,a)[1+d(v,Tv,a)] +ﬂd(u,Tu,a)[l+ d(u,Tu,a)]

1+d(Tu,Tv,a) 1+d(u,v,a)

+yd(v,Tv,a)[1+ d(u,Tu,a)] +sd(uv.a)
1+d(u,v,a)

or, d(u,v,a)<dd(u,v,a)

or, (1-96)d(u,v,a) <0, which implies that d(u,v,a) = 0 i.e. u=v

Thus u is a unique fixed point of T.

Corollary (3.2): Let T* be sequence of mapping on a complete 2-metric space X into itself satisfying.

d(T?x,T’y,a) < a

d(,TPx,a)[1+d(y, TPy, a)] N d(x,T?x,a)[1 +d(x,T?x,a)]

d (y,TPy,a) [1+d (x,TPx,a)]
1+d (x,y,a)

+y + 6d(x,y,a)

for all x, y, a in X. where d(Tx,Ty,a)#0 and d(x,y,a)#0. Also a,B,y,6>0 where ¢o,f,7,6<I and p is a positive

integer.
Example (3.3): Let (X,d) be a 2-metric space defined as follow:

d(x,y,z)=min{|x-y|,|ly—z|.]z—x|}
Now let X=[0,1] with the 2-metric defined as above.

Let T : X — X defined as:
sxeo )
Y%:xe[ 15
Now taking o :% ,ﬁ:% ,y:}/,éz% and a=1, x=1/3, y=1/2

Then we have

Tx =

1 1

d(Tx,Ty,1)=d(1/12,1/6,1) = min{ !

Now, d(X,TX,l):d(%,%Z,l):min {E— %H%— 1|,|1 —§|}:min{

Ay Ty =d(35 Ko t)=min (5 5l 1] fr=iff=min 555

11 1)1 1
d(x,y,1)=d y}/l =min{|=-=[|=- Y- p=min {32 2 =2
3'/2 3 2|2 3 6’2’3 "6
Now,
{ d (x,Tx,1) [14d (x,Tx,1)] ﬁd(x,Tx,l)[1+d(x,Tx,1)] (v, Ty, 1)[1+d (x,Tx,1)]
1+d (Tx,Ty,1) 1+d (x,y,1) 1+d(x)y,1)

1 { [%[Hl%]] +1[%[1+1%]] +1[§[1+1%] +1x1}={1 5.2 112 0360348

2 T+55 3| 14¢ 5| 14¢ 776 130°56 35" 42
Again if we put a=0, then also we have,

d(Tx,Ty,0)=d(1 ! 0)=min(i—1|,|§—o|,|o—i)= min{%,g,ﬁ}%: 0.0833

12’6’ 12 6 12

Now,

000 =03 0) =i (- 2 o~ o] o - )= i 3=

1+d(T?Px,T?Py,a) 1+d(x,y,a)

i__H__lHl__}zmm {_,E,E}zi:o.osﬁ
12 6 6 12 1276712 12

+8d(x,y, 1)}
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d(y,Ty,O)zd(lz,%,O - ___| |__ 0| |0_ _) = min {%’%’%}Z%

11 . : 111
0= d(ﬁEOJ o i

1 1
R £ v ot Y | O = ks | IR
2 1+L 3 1412 5 142 7 6
12 6 6
~ 0.102467

Thus we see that the condition of our theorem is satisfied with 0 (zero) as the only fixed point while T is not
contraction (being discontinuous).
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