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Abstract: The present paper discusses the analytical solution of the equation of flow of water through a
porous medium of an aquifer. The flow in the aquifer is assumed to be one-dimensional and unconfined.
Also the flow is considered to be unsteady and saturated. The equation governing such flow is a non-linear
partial differential equation along with a source term. This non-linear partial differential equation is reduced
to ordinary differential equation using the Lie- infinitesimal transformation technique to find similarity
solutions. The analytical solution is obtained for the ordinary differential equation which is Abel’s equation
of second kind.
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Introduction

An aquifer is a body of saturated rock through which water can easily move. It is a layer of porous
substrate that contains and transmits groundwater. Water squeezes through pore spaces of rock and sediment to
move through an aquifer. Underground water moves very rapidly in fractured rock aquifers. There are three
different types of aquifers-confined, unconfined and perched. When water flows directly between the surface
and the saturated zone of an aquifer then the aquifers are referred as unconfined.

In this paper, we have derived the equation of flow through unconfined aquifer. The reason for the
unsteady flow in an unconfined aquifer may be due to the change in the hydraulic heads with time or
compressibility of the mineral grains of the soil matrix forming the aquifer or compressibility of the water stored
in the voids within the soil matrix. But in our study, we have assumed the unsteady flow due to the change in the
hydraulic heads with time.

The governing equation is the non-linear partial differential equation. The similarity solution is
obtained using Lie-infinitesimal transformation technique. Sophus Lie has developed the Lie transformation
technique which maps a given differential equation to itself. Such equation remains invariant under some
continuous group of transformations which do not alter the structural form of the given equation. Hence
similarity solutions can be obtained. The transformation reduces partial differential equation into ordinary
differential equation. The analytical solution of resulting equation is obtained.

Mathematical Formulation

In hydrology, the equation of groundwater flowmay be used to describe the flow
of groundwater through an aquifer. The transient flow of groundwater is described by a form of the diffusion
equation while the steady-state flow is described by a form of the Laplace equation. In unconfined aquifers, the
solution to the three-dimensional form of the equation is complicated by the presence of a free surface water
table boundary condition.

In this paper we have considered the transient flow in one-dimension. Equation for the groundwater
flow may be obtained by using the Dupuit-Forchheimer assumption. According to this, it is assumed that
hydraulic heads vary only along the horizontal direction i.e along x- direction with time.
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For incompressible water in unconfined aquifers, the change in the hydraulic heads with time is equal to the
negative divergence of the flux and the source terms, so mathematically it is expressed as

onb 0

omb_ 09 g ©
ot O0X

where n is the porosity of the aquifer, G is the source or sink term which represents the addition of water in the

vertical direction (e.g. recharge area), b is the thickness of saturation which is defined as the vertical distance

between the water table surface and the aquifer base and S; is the specific storage.

If we assume the uniform horizontal flow along the entire saturated thickness of the aquifer, using Darcy's
law relating flux to hydraulic heads in terms of integrated discharges, we have

g=-— K ba_h (2)
o0X
where K is the hydraulic conductivity.
Substituting (2) in (1), we obtain
3
5. 2nb_ 2 poh) g )
ot 0X oX

Dividing the above equation by the specific storage , and taking o = K/S;, the hydraulic diffusivity as unity and
taking the unconfined saturated thickness b equal to the hydraulic head h as the hydraulic heads do not vary in
the vertical direction and the aquifer base is at the zero datum, and also taking the porosity of the aquifer as
unity, we will obtain the governing equation for incompressible saturated groundwater flow as

oh 0 oh 4
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where G is divided by the appropriate storage term and is labeled as N.

Equation (4) is the governing non-linear partial differential equation for unconfined, unsteady and saturated

flow in an aquifer.
The boundary conditions are specified as

h(0,t)=0, (0 <t <o)
which shows that the level in aquifer remains fixed at its initial end at any time
on(L.t) 0, (0 <t < o)
oX
which shows that the clay embankment at X = L is impermeable
h (x,0)=0, (0 <x <L)

which gives the initial condition showing that the free surface in the aquifer has the same constant elevation as
the level in the aquiferat t = 0.

Mathematical Solution
(a) Transforming partial differential equation to ordinary differential equation :

In the present paper, we have applied one- parameter Lie group of transformation technique to find the
analytical solution of equation (4). N is the source term and is a dependent function on x and t. We have

2

X

assumed N to be of the form A(—] where A > 0. We have taken the one-parameter infinitesimal Lie-
t

transformation that leaves the surface equation invariant by changing the variables from (X,t) to (x*, t*) as

| Vol. 03 | Issue 03 | 2017 | 26 |


https://en.wikipedia.org/wiki/Hydraulic_head
https://en.wikipedia.org/wiki/Divergence
https://en.wikipedia.org/wiki/Specific_storage
https://en.wikipedia.org/wiki/Darcy%27s_law
https://en.wikipedia.org/wiki/Darcy%27s_law
https://en.wikipedia.org/wiki/Darcy%27s_law
https://en.wikipedia.org/wiki/Hydraulic_conductivity
https://en.wikipedia.org/wiki/Specific_storage
https://en.wikipedia.org/wiki/Partial_differential_equation

International

Journal
Of Advanced Research in Engineering & Management (IJAREM)
ISSN: 2456-2033 || PP. 25-30

h* =h+en(xth)+0(?) (5)
t' =t+ez(xth)+0(?)
X" =x+¢ &(xth)+0(?)

We will find those infinitesimals(f, T, 77) for which h ™ (X “t *) becomes a solution of
ah*: 8* h*ah* +AX*
ot 0 X OX t

2
whenever h (x,t ) is asolution of (4) with N = A[%J :

Substituting the new variables from (5) into equation (6) and applying the classical method of equating to
zero the terms with the derivatives of h , we get a set of equations. These set of equations are then solved for

(f, T, 77) and we finally obtain the values of infinitesimals as

éz(%omtﬁjX +y (7)
r=at+o
n=2hp

where «, S, ¥, O are four arbitrary parameters.

Assuming the invariance of X =0, t = Oand h(O, t) = 0, the four parameter group of infinitesimals (7)
are reduced to one-parameter group as

_1 8)
&= > a X
T=at
n=0
The general partial differential equation of an invariant surface can be given by
£t 2ot )20 2t h) ©)
oX ot

The characteristic equations corresponding to equation (9) can be written as

dx _dt_dh (10)
s T 7
Substituting values from equation (8) we can obtain the characteristic equations as
dx _dt _dh &
1, at 0
2
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Since = is independent of h, we obtain the similarity form for the solution and the similarity variable
T

g(X, t) = constant can be obtained from the first equality of (10).
Solving the first equality of equation (11) , We get

_ X (12)
g - t%«
5

The similarity solution is a dependent function and is given by h = F (g).t where the value of ¢ isas in

(12).

Substituting the similarity form of the solution in equation (4) the partial differential equation can be
converted into the non-linear ordinary differential equation, given by

F'2+FF"+Ag2+%gF'+%F=o 13)

Equation (13) can be written as

3 2 4 14
dg¢ d¢ 4 3 2 12
Integrating both sides, we get
2 4 15
POF L lpa FLad 1)
d¢ 4 2 4

where ¢ acts as the constant of integration.

(b) Solution of non-linear ordinary differential equation :
Equation (15) is Abel’s equation of second kind. Comparing it with the general form
(Qo+a:y)y = fo + fry + fy2+ f3y°
Ag* s 1
wewillget g, =0,9,=¢, f,=C—2—, f,=-2-, f,==
90 g,=¢ T 4 1 4 275

. 1. . . . .
Taking ¢ F = — in equation (15) , it reduces to Abel’s equation of first kind
VA

7'= —g[C —ATngjf +%z2 —%z 1)
Comparing equation (16) with Abel’s equation of first kind
u'=f,ud+ f,u® + fu+ f,
2 4
we will get f,=0, f1=—%, f2=%, f, =_g(c _ Aj J
Taking Z=UZ + V inequation (16), where U and V are free parameters.
Equation (16) takes the form
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Z’(g)zuz f3[23+¢1(g)zz +¢2(§)Z+¢3(§)] (17)
We will obtain a system of auxiliary equations with ¢, ¢,, ¢, as the free functions.

Assuming that ¢@, (g) = ¢, (g) =0and ¢, (g) = (p(g) we will obtain the values of Uand V as
1
Ac? ) 48A
S j and - E e

£ (C 4 REY: Act
u :exp{j( f, — 3?3} dg}: 3 3 12[C - j J
2

S

Substituting U and V in equation (17), it will be reduced to
2/(c)=u’ 1, [2° + ()|

Taking ¢ = I f3 u? dg in the above equation, we will get the canonic form for Abel’s equation as

' 3
2'(¢)=2%(¢) + ¢l¢&)
Adding and subtracting the term @ Z in the canonic form where @ is the free function and solving for Z and
@, we will get

jadg jgdg
_ € fe
Z(()_\/C_J.ezjgd{;dg and ¢(;):\/6_Iezj€d§ i

This shows that for the canonic form

’ 0 ejo d¢
2(6)=2°(¢)+
\/C — J'e Jous dg
the solution is given by
19
Jos 19)
Z(¢)=
\/C _J‘ezjadg i
Hence the solution of equation (16) is given by
Z=UuZ +V (20)
where the values of U,V and Z are given by equations (18) and (19).
_ 1
Since ¢F =; , SO
-1 )

Gz
is the solution of equation (15) with the value of z given by equation (20).
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_ X
Hence the Similarity solution of equation (4) is obtainedas h = F (g)t % with ¢ = —— and the value

t 4

of F given by (21).

Conclusion
The main aim of this paper is to find the analytical similarity solution using the method of infinitesimal

transformations of partial differential equations. The partial differential equation is reduced to ordinary equation
under this transformation. The resulting ordinary differential equation is an Abel’s equation of second kind
whose analytical solution under certain transformation is obtained.
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