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Abstract: The dynamic properties of ride-on beams of bridge ore loaders are investigated, both for a rod
with variable mass and cross-section rigidity in time and along the span. To solve the differential equations
of transverse vibrations, Fourier series and Bessel functions are used.

Keywords: ride-on beams, vibrations, ore gantries

Study and calculation of the dynamic strength of metal construction elements, determination of
qualitative and quantitative regularities, which the structural life depends on, is a very urgent problem.

Unlike many modern machinery and equipment, the obsolescence of loading cranes and metal
constructions is slower. To replace cranes, especially those with specific technical features and which are
extremely metal-intensive designs is a costly business. Extension of crane work life leads to resources saving
which is equivalent, under severe conditions, to production costs of similar new cranes. Therefore, service life
prolongation makes up a significant reserve for saving money, materials, energy and labour costs. Residual life
prediction provides with additional opportunities to save money and gain economic effect.

Cranes often work in aggressive environment causing intensive corrosion of carrying metal which can
cause accidents and disasters. For example, ore clamshell gantries that work in the ore stock yard of
"Zaporizhstal" factory, are, on the one hand, influenced by coke oven emissions, and, on the other hand, — by
blast furnace emissions. This circumstance leads to the fact that corrosion rate along the length of main beams is
uneven and increases according to certain laws towards supports located close to coke ovens. Besides, crane
metal constructions are subject to intensive dynamic loads from the movement of carts in a loaded state, the
weight of which can reach hundreds of tons, as well as unsteady wind loads. Intense long-term corrosion wear,
variable moving loads, wind pressure and ripple all affect the dynamic characteristics of heavy crane metal
constructions.

This paper has made an attempt to evaluate the impact of significant corrosion damage on vibration
characteristics of the main beam as the main carrying element of the metal construction of a bridge-type crane.

We will generally examine small transverse vibrations of the main beam of the crane as a rod with a
rectilinear axis of variable in length and time section. Rod axis is the line of centres of gravity of its sections.
The rod is supposed to have at least one longitudinal plane of symmetry and vibrations are considered within
this plane.

Let us take the rectilinear axis of the main beam in its undeformed state for the axis X. Due to the
smallness of vibrations, the displacement of any point of the axis at the time t is determined by coordinate Y

d
(X,t),while the section rotation is determined by the angle @ = d_y We will neglect small displacements of
X

the cross sections along the axis and the associated inertia forces.

Vibrations occur with small amplitudes, while maintaining proportionality between the elastic forces and
the deviations of the rod from the equilibrium position or, which is the same thing, between the elastic forces
and the rod deformations. Since the main beam has a variable mass, the equation of its vibrations should include
summands containing the derivative of mass. However, due to the fact that corrosion processes develop
relatively slowly, the rate of change of mass can be neglected. Under the assumptions made, the differential
equation of free vibrations of the rod is as follows
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where  m(x,t), EJ(x,t) is linear mass of the rod and bending rigidity;
JS(X,t) is mass linear moment of the rod inertia.

With small deviations from the equilibrium position, the longitudinal forces N do not depend on
vibrations and are completely determined by the initial statements of the problem.

The calculation of the frequencies of free vibrations of rods is usually carried out without considering
inertia of rotation of its elements. This assumption, which is correct for lower vibration modes, becomes unfair
when calculating the frequencies of higher vibration modes and if extraneous masses, which significantly
change the mass linear moment of inertia, but hardly change its rigidity, are attached to the rod.

Nevertheless, at the beginning of the study, we will not take into account the rotation inertia of elements

of the rod cross section and will assume that the longitudinal force N is equal to zero. In this case, the
differential equation (1) is as follows:

d? d’y d’y
W[EJ dxz j+m dtz :0. (2)

To solve the differential equation (2), we will apply the Fourier method in the case when the bending
rigidity of the rod EJ and linear mass m are the product of functions t//(t), that depend only on time, and

functions (p((,‘), that depend only on the coordinate of the section X
EJ = 401(5)' V’l(t); m= §02(§)' ‘//z(t)' ®)

X
where & = I— is dimensionless coordinate changing along the length of the rod from zero to one;

| is the length of the rod.
Let us represent the desired bending function y(f,t) as the product of two independent functions

y(&t)=Y(&)-T(t) @)

Substitution (4), taking into account dependencies (3), into differential equation (2) leads to the
separation of the latter into two independent equations

)+ p* 2070 -0 5
Wz(t)
@(&)- Y9 +20(£) v + &) yP - 1" pPp,(£)y = 0. ©)

Let us consider the case when the rod has a rectangular cross section, the linear dimensions of which
decrease exponentially over time due to corrosion. The existence of an additional source that causes corrosion
near one of the ends of the rod leads to the fact that along the length of the rod, the corrosion intensity is uneven
and the linear dimensions of the cross section of the rod decrease exponentially as well as along the length of the
rod.
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First, let us consider the case when the height of the cross section is much larger than its width, so that a
change in height can be neglected. As for the rectangular section

_ bh?

'J ]
12

m = pbh,

where b is rod cross section width;

h is section height.

Under the accepted assumption, denoting EJ, and m, as the initial bending rigidity and linear mass,
we obtain the following dependences

EJ = EJOe—a(r+t)§e—ﬂ(r+t)’ @)
m = moe—a(r+t)§e—ﬁ(r+t)' ©)

Herein the following notations have been accepted:
7 is the lifetime of the rod (crane) in an aggressive environment before starting work within a particular cycle;
t is the current operating time of the rod (crane) within a particular cycle;
o and [ are experimentally determined parameters.
Considering the fact that 7 significantly exceeds t, (for a crane 7 is measured in decades, and t —in
hours), the value t can be neglected in one of the factors in the dependencies (7) and (8).
We come to

EJ = EJ e e /Y, 9)
m = me "~ /Y (10)

In this case, differential equations (5) and (6), which describe the free rod vibrations, will take the form

of:
T(t)+ pT(t)=0, (11)
vy =20y + a2r2y® — Kty =0, (12)
where
2
k=14 TP (13)
EJ,

This expression, solved with respect to P, gives the general formula for calculating the frequency of
natural vibrations of rods

_k? [EJ, 1
p Y ] ( )
1y m,

where coefficient K depends on conditions for fixing rods.
Equation (11) of free harmonic oscillations has a general solution

T(t)= A cos pt + A,sin pt.

The general integral of equation (12) has the view
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y(&)=c, +c,& +ce ™ +c, &6, npn k¥ =0, (15)
arg 2.2
y(&)=e 2 (ce™ +ce ™ + e +ce ) mpn 0 < k? < a4T , (16)
arg a’r?
y(&)=¢e? (cle*ﬂf +Ce " 0 +c4), mpu k% = T (17)
atg azz_z
y(&)=¢ 2 (cle‘@ +C,8 " +C,C08 L& +C,Sin /125), mpu k2 > (18)
Therein
2.2 2.2
A=k, A= a: —Kk?. (19)

The final view of the solution is obtained after determining the constants C;,C,,c;,c,, based on
satisfying the boundary conditions for fixing the ends of the rod.

Let us consider a rod whose ends are located on rigid articulated supports, and the width b(l,O) with
t =0 of the end section for & =1 is 0.8 or 0.6 of the width b(0,0) of the end section for £ =0, i.e.

e =0.8 or 0.6(crr = 0.22;0.52) due to an additional source causing corrosion, and located near the end

E=1.

The boundary conditions for the articulated supports are

y0)=0,  y(0)=0,  y{1)=0, y'(1)=0. (20)

The task is to determine a non-zero solution of differential equation (12) satisfying the boundary
conditions (20).
From satisfying boundary conditions (20) it follows that solutions (15), (16), (17) represent one solution

y(§)=0, since boundary conditions are satisfied by the only values of the unknown constants
C, =C, = ¢; = ¢, =0 for the cases under consideration.

Substituting solution (18) into the boundary conditions (20), we obtain a homogeneous system of
equations of relative unknowns C;,C,,c5,c,. To obtain non-zero solutions of the system, we equate its

determinant to zero and obtain the frequency equation in the form of a fourth-order determinant. Expanding the
determinant in a row, we come to the equation for determining frequencies in the form

sin ﬂj(e_jq —ehn )lZazﬂl(arﬂl + 2k2)— (arﬂl + 2k2)2 + azrzﬂéJJr

207710, Cos Ay (e + €™ ) - AaPr? A2, = 0., )

The roots of this equation, corresponding to the first tone for the lowest form of vibrations, produce the
following frequency formulas

9.8434 [EJ,
12 m,

for ar =0.52; e “* =0.6. (22)
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~9.7877 [EJ,

5 for ar =0.92; e “* =0.4. (23)
I m,

If we compare the obtained results with a similar frequency for a rod of uniform section, whose
coefficient in the frequency formula (14) in case of pivotally supported ends of the rod is equal to

k? = 7% =9.8696..., it can be seen that reducing the width of the cross section from one end of the rod to
the other to 60(40)% slightly affects the value of the frequency coefficient 0.83(0.25)% . Let us consider a

cantilever rod with one end sealed rigidly £ =0. The boundary conditions in this case are expressed by
equations

y(0)=0; y(0)=0; y"(1)=0; y"(1)=0. (24)

As it is in the previous case, solutions (15), (16), (17) of the differential equation (12), satisfying the
boundary conditions (24), represent one solution y(é) = 0. The solution (18) in this case can be written down
as follows

aré

y(&)=¢e 2 (c,chA,& +C,shAE + ¢, CoSALE + ¢, sin L&), (25)
where A, and A, are determined by expressions (19), and 4k > o’

Substituting boundary conditions (24) into solution (25), we obtain a homogeneous system of equations
of relative unknowns C;,C,,c5,¢,. To obtain non-zero solutions of the system, we equate its determinant to
zero and obtain the frequency equation which we bring to the view

(ail - b11 )(ﬂ"zazz - ﬂ’lb22 ) - (a21 - b21 )(ﬂ"zau - Z1b12) =0, (26)

where

2_2
a; = (a4r * rlzjchrl +ashr, = fl(rl7 rlz’Chrl’Shrl)’

3.3
a, :(“87 +3%rfjchrl+( L+ Jshr = f,(r, 12,12, chr, shr,)

a, = f(rl,rl ,shrl,chr) 2(lrl,rl h ,shrl,chr)
b, _f( r, rz,cosrz,smrz) ( r,, rz,rz,cosrz,smrz),
b, = fl(z,—r2 ,sinr,,cos rz) b22 = f2 r,—r7,—r,,sin rz,cosrz)
L=A4nL=4

Determining the roots of equation (26) that correspond to the first form of vibrations, we obtain the
following frequency formulas

46265 [EJ,
1° m,

for ar =0.92, e *" =0.4;
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= 4'11-38 =, for ar = 0.52, e™*" =0.6;
I My

= 3'7597 =y for ar =0.22, " =0.8.
I M,

Comparing the obtained results with the frequency coefficient k? =3.5156 for a similar vibration
form of the cantilever rod of uniform section, we can see that reduction of the cross section width from the
sealed end to the free one up to 40% leads to an increase in the frequency coefficient by 17%.

Let us now consider the case when all linear dimensions of the cross section decrease exponentially over
time and with a change in length, and therefore, the change in mass of a length unit and the section inertia
moment is determined by the following dependences similar to (9), (10)

EJ = EJ e e /™), @7)

m= moe—ZarieQﬂ(rH). (28)
In this case differential equations (5) and (6) will look as follows:

T(t)+ pe ™7 (t)=0, (29)
vy —8ay® +16a2r2y? —ke?**y = 0. (30)

T+t)

1
Using substitution & :E pe Al equation (29) is reduced to the Bessel equation and the general

integral of equation (29) is expressed in terms of the zero-order Bessel functions

T(t)= AJo(0)+ ANy (9). (31)
The general integral of equation (30) is as follows:
y(&)=u*[c,d,(u)+c,N,(u)+c,d,(u)+ck,(u)] (32)
where
u=2Ke7
oT

Since 7 considerably exceeds t, the equation (29) can be simplified by neglecting the value t in the
exponent with €, in comparison to 7 . Equation (29) takes the form of the usual equation of free harmonic
vibrations

T(t)+ p%e?T(t)=0, (33)

whose general solution is

T(t)= A cose” pt+ A,sine ™ pt. (34)
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In the case when the parameter values are such that the product 2«7 is small, we will expand e?**% in

a row and keep the first three incomplete members of the row, by replacing & with an average value, thus, as

first approximation, equation (30) takes the form similar to equation (12), the solution of which has already been
considered:

2
y@ —8ay® +16a%r2y"? — k4(1+ %j y=0. (35)

Having carried out similar transformations for the cantilever rod, for example, we get the following,
correspondent to the first form of oscillations, approximate formulas of the frequency factor in (34)

- 5'0279 = . forar=052; e =0.6;
| my

_ 41220 E‘]O , for T = 022, e “" =0.8.
| my

It can be suggested that the linear dimensions of the cross section of the rod, due to corrosion, over time
vary in inverse proportion to the time the rod was in an aggressive environment. The existence of an additional
source that causes corrosion near one of the ends of the rod leads to the fact that along the length of the rod the
corrosion intensity is uneven, whereupon the linear dimensions of the cross section also decrease along the
length of the rod according to the parabolic law. In this case, for the length unit mass and the rod inertia moment
we will obtain the following dependences

_eq la(e+t)e-1f
EJ —EJOW,
o ezt -1

C Bz +t)+1}

Taking into account the fact that 7))t , we neglect summand ot& in comparison to ¢ 7€ and come to
simpler expressions

(36)

@37)

_ (e -1)
= ]
(az-1)"
[8(z +1)+1].

Taking into account dependences (38), (39), differential equations (5) and (6), which describe free vibrations of
the rod, will take the form:

(38)

m=m, (39)

.. 1
T(t)+ p2———T(t)=0, #0 40
(t) P e AT (t) i (40)
(att 1) yW +16ar(art —1)y® +56a%r(awt —1F y? —k*y =0, a #0. (41)

Equation (40) is the Euler equation, the solution of which is
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2

T(t)= A(Bz+ pt +1)§” +A(pr+ p +1)§“ when 1— 4ﬂp2 >0,

2

T(t)= A(Br+ A+1e + A(fr+ B+ In(Br+ A +1)  when 1 4ﬂp2 =0,

T(t)=A(Bc+ pt +1)§ cosAIn(Bz + At +1)+ A (Bt + pt +1)§sin 2In(Bz + ft +1) when
4p?

1——2 <0,
2
24 = ‘1— Atgpz .
The general integral of equation (41) is as follows
S S S S
1 1 2 1 1 2 1 2 2
y(&)=cle -— +Cyl6 —— +Cal6 —— +C,|6 —— :
aT ar art art
if
4
1/% +9 <3+ é;
a'T 4
5.¢ S5_¢ 5 _5
12" 12" 12 12 1
y(§)=01‘(§—— +C - — +c3<§——‘ +c4§——‘ |n‘§——,
art ar ar art art
if
k* 25
——+9=3+—;
\ oz 4
S, 5, s s
y(&)=c, |6 - — +c, 5—1‘ ’ +C, 5—1‘ ’ cos{s2 Inff—l}rc4 5—1‘ ’ sin{s2 Inf—l},
arT arT aT arT arT arT
if

4
1/%+9 >3+§.
aT 4

The final view of the solution is obtained after determining the unknown constants, based on the
satisfaction of the initial and boundary conditions.
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